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Appendix D: Elasticity Formula Derivations 

Elasticity Equation 

𝑒𝑙𝑎𝑠𝑡𝑖
̂ =

𝜕𝑃𝑖𝑡
𝜕𝑊𝑄𝑖𝑡

⁄
𝑊𝑄𝑖𝑡

𝑃𝑖𝑡
⁄  [𝐷1] 

Log-log Model Specification 

𝑙𝑛 (𝑃𝑖𝑡) =  𝛽0  +  𝛽1 𝑙𝑛 (𝑊𝑄𝑖𝑡) + 𝛽2 𝑙𝑛 (𝑊𝑄𝑖𝑡) ∗ 𝐿𝐹𝑖  +  𝛽3 𝑙𝑛 (𝑊𝑄𝑖𝑡) ∗ 𝑙𝑛 (𝐷𝑖𝑠𝑡𝑖)  

            + 𝛽4 𝑙𝑛 (𝑊𝑄𝑖𝑡) ∗ 𝑙𝑛 (𝐴𝑟𝑒𝑎𝑖 − 𝐴𝑟𝑒𝑎̅̅ ̅̅ ̅̅ ̅) + 𝛽5 𝑙𝑛 (𝑊𝑄𝑖𝑡) ∗ 𝑈𝑖 + 𝜷𝑬 𝑙𝑛 (𝑊𝑄𝑖𝑡) ∗ 𝑬𝒊 [𝐷2] 

                                      + 𝜷𝑺 𝑙𝑛 (𝑊𝑄𝑖𝑡) ∗ 𝑺𝒊  +  𝜷𝑷𝒓𝒐𝒑𝑷𝒓𝒐𝒑𝒊 +  𝜷𝑪𝒐𝒏𝒕𝒓𝒐𝒍𝑪𝒐𝒏𝒕𝒓𝒐𝒍𝒊 + 𝜸𝑖𝑡 + 𝝉𝒊𝒕 + 𝜖𝑖𝑡       

Talking partial derivative 

𝜕𝑃𝑖𝑡
𝜕𝑊𝑄𝑖𝑡

⁄ =

𝑃𝑖𝑡
𝑊𝑄𝑖𝑡

⁄ ∗ (𝛽̂1 +  𝛽̂2 ∗ 𝐿𝐹𝑖 +  𝛽̂3 𝑙𝑛 (𝐷𝑖𝑠𝑡𝑖) + 𝛽̂4 𝑙𝑛 (𝐴𝑟𝑒𝑎𝑖 − 𝐴𝑟𝑒𝑎̅̅ ̅̅ ̅̅ ̅) +𝛽̂5𝑈𝑖 + 𝜷̂𝑬𝑬𝒊 +  𝜷̂𝑺𝑺𝒊) [𝐷3]
 

Rearranging 

𝛽̂1 + 𝛽̂2 ∗ 𝐿𝐹𝑖 + 𝛽̂3 𝑙𝑛 (𝐷𝑖𝑠𝑡𝑖) + 𝛽̂4 𝑙𝑛 (𝐴𝑟𝑒𝑎𝑖 − 𝐴𝑟𝑒𝑎̅̅ ̅̅ ̅̅ ̅) +𝛽̂5𝑈𝑖 + 𝜷̂𝑬𝑬𝒊 +  𝜷̂𝑺𝑺𝒊  = 

𝜕𝑃𝑖𝑡
𝜕𝑊𝑄𝑖𝑡

⁄
𝑊𝑄𝑖𝑡

𝑃𝑖𝑡
⁄ [𝐷4] 

Thus 

𝜕 𝑙𝑛 (𝑃𝑖𝑡)
𝜕 ln(𝑊𝑄𝑖𝑡)⁄ = 𝑒𝑙𝑎𝑠𝑡𝑖 [𝐷5] 
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Log-linear Model Specification 

𝑙𝑛 (𝑃𝑖𝑡) =  𝛽0  +  𝛽1𝑊𝑄𝑖𝑡 + 𝛽2𝑊𝑄𝑖𝑡 ∗ 𝐿𝐹𝑖  +  𝛽3𝑊𝑄𝑖𝑡 ∗ 𝑙𝑛 (𝐷𝑖𝑠𝑡𝑖)  

     + 𝛽4𝑊𝑄𝑖𝑡 ∗ 𝑙𝑛 (𝐴𝑟𝑒𝑎𝑖 − 𝐴𝑟𝑒𝑎̅̅ ̅̅ ̅̅ ̅) + 𝜷𝑷𝒓𝒐𝒑𝑷𝒓𝒐𝒑𝒊  +  𝜷𝑪𝒐𝒏𝒕𝒓𝒐𝒍𝑪𝒐𝒏𝒕𝒓𝒐𝒍𝒊 (𝐷6) 

                                            + 𝜸𝑡 + 𝝉𝒊𝒕 + 𝜖𝑖𝑡       

Taking partial derivative 

𝜕𝑃𝑖𝑡
𝜕𝑊𝑄𝑖𝑡

⁄ =

𝑃 ∗ (𝛽̂1 + 𝛽̂2 ∗ 𝐿𝐹𝑖 + 𝛽̂3 𝑙𝑛 (𝐷𝑖𝑠𝑡𝑖) + 𝛽̂4 𝑙𝑛 (𝐴𝑟𝑒𝑎𝑖 − 𝐴𝑟𝑒𝑎̅̅ ̅̅ ̅̅ ̅) +𝛽̂5𝑈𝑖 + 𝜷̂𝑬𝑬𝒊 +  𝜷̂𝑺𝑺𝒊 ) (𝐷7)
 

Rearranging and multiplying by 𝑊𝑄𝑖𝑡 

𝑊𝑄𝑖𝑡 ∗  (𝛽̂1 +  𝛽̂2 ∗ 𝐿𝐹𝑖 +  𝛽̂3 𝑙𝑛 (𝐷𝑖𝑠𝑡𝑖) + 𝛽̂4 𝑙𝑛 (𝐴𝑟𝑒𝑎𝑖 − 𝐴𝑟𝑒𝑎̅̅ ̅̅ ̅̅ ̅) +𝛽̂5𝑈𝑖 + 𝜷̂𝑬𝑬𝒊 + 𝜷̂𝑺𝑺𝒊)  = 

𝜕𝑃𝑖𝑡
𝜕𝑊𝑄𝑖𝑡

⁄
𝑊𝑄𝑖𝑡

𝑃𝑖𝑡
⁄ (𝐷8) 

Thus 

𝜕 𝑙𝑛 (𝑃𝑖𝑡)
𝜕WQit

⁄ ∗ 𝑊𝑄𝑖𝑡 = 𝑒𝑙𝑎𝑠𝑡𝑖 (𝐷9) 

 

 

 


